Abstract. Let (M, ω) be a ruled symplectic four-manifold. If (M, ω) is rational, then every homologically trivial symplectic cyclic action on (M, ω) is the restriction of a Hamiltonian circle action.
1. Introduction 1.1. Theorem. Let (M, ω) be a rational ruled symplectic four-manifold. Then every homologically trivial symplectic cyclic action on (M, ω) is the restriction of a Hamiltonian circle action.
A ruled symplectic four-manifold is an S 2 -bundle over a closed Riemann surface, with a symplectic ruling: a symplectic form on the total space that is nondegenerate on each fiber. It is rational if the Riemann surface is S 2 , and irrational otherwise.
A cyclic action is an effective action of a cyclic group Z r = Z/rZ of finite order 1 < r < ∞. An action is called homologically trivial if it induces the identity map on homology.
An effective symplectic action of a torus T = T k = (S 1 ) k on a symplectic manifold (M, ω) is Hamiltonian if there exists a moment map, that is, an invariant smooth map Φ : M → t * ∼ = R k such that dΦ j = −ι(ξ j )ω for all j = 1, . . . , k, where ξ 1 , . . . , ξ k are the vector fields that generate the torus action. A Hamiltonian circle action is always homologically trivial because the circle group is connected. A Hamiltonian action of a torus T defines a one-to-one homomorphism from T to the group of Hamiltonian diffeomorphisms Ham(M, ω). The image is a subgroup of Ham(M, ω) that is isomorphic to T . Every circle subgroup of Ham(M, ω) is obtained this way.
1.2.
Corollary. Let (M, ω) be a rational ruled symplectic four-manifold. Then every finite cyclic subgroup of Ham(M, ω) embeds in a circle subgroup of Ham(M, ω).
Since every compact 4-dimensional Hamiltonian S 1 -space is Kähler, i.e., admits a complex structure such that the action is holomorphic and the symplectic form is Kähler [11, Theorem 7 .1], Theorem 1.1 implies the following corollary.
1.3. Corollary. Let (M, ω) be a ruled symplectic four-manifold equipped with a homologically trivial symplectic cyclic action. If (M, ω) is rational, there exists an integrable almost complex structure compatible with ω such that the cyclic action is holomorphic.
Related works. This study fits into the broader topological classification of group actions on four-manifolds. The question of whether a (pseudofree, homologically trivial, locally linear) cyclic action on a four-manifold M must be the restriction of a circle action is studied also in the holomorphic, differentiable, and topological categories; see [7] . When M = CP 2 , the answer is Yes in all three categories [20] , (in fact, these categories coincide). When M is a rational ruled surface, the answer is Yes in the holomorphic category, however there exist "exotic" homologically trivial pseudofree cyclic actions on M that are not holomorphic but are smoothable with respect to some smooth structure [21] . By our result, Corollary 1.3, these actions cannot be symplectic.
In the symplectic category, Chen [4] showed that the answer is Yes when (M, ω) is CP In a previous paper [5] , we showed that the statement of Theorem 1.1 does not hold in general. On (M, ω), which is either a six-point blowup of certain sizes of CP 2 , or a three-point blowup of certain sizes of an irrational ruled symplectic four-manifold, we gave an example of symplectic action of Z 2 , acting trivially on homology, and showed that it cannot extend to a Hamiltonian circle action; we also showed that (M, ω) does admit a Hamiltonian circle action.
2.1. Let (V, ω) be a symplectic vector space and g an inner product on V . Denote by
• ω ♯ is anti-symmetric with respect to g. Moreover, AA * is symmetric and positive definite. Let P be a positive square root of AA * . Then J = P −1 A is a compatible complex structure on V . The factorization A = P J is called the polar decomposition of A.
Suppose (M, ω) is a symplectic manifold and g a Riemannian metric on M. Then we note that the polar decomposition is canonical and the above construction of a compatible almost complex structure is smooth. See [3, Sec 3.1].
2.2. Claim. For every symplectic action of a compact Lie group G on a compact symplectic manifold (M, ω) there exists a G-invariant ω-compatible almost complex structure.
Proof. Take a G-invariant Riemannian metric g on M. Such a metric is obtained from some Riemannian metric g ′ by averaging with respect to the action of G as follows:
denotes the action and da denotes the Haar measure. The polar decomposition in §2.1 associated to the invariant metric g provides a G-invariant almost complex structure.
J-holomorphic spheres in four-dimensional symplectic manifolds. A (parametrized) J-holomorphic sphere, or J-sphere for short, is a map from CP 1 to an almost complex man-
is an unparamterized J-sphere. A parametrized J-holomorphic sphere is called simple if it cannot be factored through a branched covering of the domain. An embedding is a one-to-one immersion which is a homeomorphism with its image. An embedded J-sphere C ⊂ M is the image of a Jholomorphic embedding f : (
Gromov's compactness theorem [8, 1.5 .B] guarantees that, given a converging sequence of almost complex structures on a compact manifold, a corresponding sequence of holomorphic curves with bounded symplectic areas has a weakly converging subsequence; the limit under weak convergence might be a connected union of holomorphic curves.
In dimension four, J-holomorphic spheres admit nice properties, which we will use in this study, such as the adjunction formula [16, Corollary E.1.7] , the Hofer-Lizan-Sikorav regularity criterion [10] , and the positivity of intersections of J-holomorphic spheres [16, Appendix E and Proposition 2.4.4]. As a result of the positivity of intersections we have the following claim.
2.3. Claim. Consider a symplectic action of a compact Lie group G on a symplectic fourmanifold (M, ω). Assume that the action is trivial on H 2 (M; Z). Let J G be a G-invariant ω-compatible almost complex structure on M. Let C be a J G -holomorphic sphere. Then C is ω-symplectic. Moreover, let G → Symp(M, ω), g → σ g , denote the action,
• if C is of negative self-intersection, then it is G-invariant, i.e., σ g (C) = C for all g ∈ G; • if C is of self-intersection zero, then for g ∈ G, the image of C under σ g either equals C or is disjoint from C.
3. Configurations of J-holomorphic spheres in rational ruled symplectic four-manifolds 3.1. The underlying space of a rational ruled symplectic four-manifold is either S 2 × S 2 (the trivial bundle) or CP 2 #CP 2 (the non-trivial bundle).
In
, denote by L the homology class of a line CP 1 in CP 2 and by E the class of the exceptional divisor; denote by F the fiber class of the fibration
where τ is the standard area form on S 2 with S 2 τ = 1.
For λ > −1, denote by ω 
Consider
by a simple J-holomorphic sphere, then, by the adjunction formula, 
The following facts are derived form Gromov's compactness theorem and the properties of J-holomorphic spheres in dimension four, see Gromov [8] , Abreu [1] , and Abreu-McDuff [2] .
(1) The space J
is stratified as follows:
is represented by a simple J-holomorphic sphere} .
there is an embedded Jholomorphic sphere in the class F passing through the point p, unique up to reparametrizations. The family of these spheres forms the fibers of a fibration 
foliations, where pt ∈ S 2 and J 0 = j × j is the standard split complex structure on
The symplectic form ω J := Ψ * J (ω) is cohomologous and linearly isotopic to ω 0 = ω 0 λ . See the construction in [16, Theorem 9.4.7] . Hence, by Moser's lemma, there is a diffeomorphism h :
3.4. Items (3) and (4) above generalize to any compact connected symplectic four-manifold (M, ω) andJ ∈ J (M, ω) that satisfy the following conditions:
• There is no symplectically embedded 2-sphere with self-intersection number −1.
• There exist classes B, F in H 2 (M; Z) such that B · B = F · F = 0, B · F = 1, and both B and F are represented by embeddedJ-holomorphic spheres.
In such a case, replace J ∈ U 0 0 in items (3) and (4) 
where
(2) For every J ∈ J (CP 2 #CP 2 , ω 1 λ ), the fiber class F is represented by a 2-parameter family of embedded J-holomorphic spheres that fiber CP 2 #CP 2 .
4. Proof of the main theorem
with λ ≥ 0 equipped with a homologically trivial symplectic action of a finite cyclic group G. Let J = J G be a Ginvariant ω-compatible almost complex structure on M. Assume that J is in the stratum U Proof. Fix a generator g ∈ G and denote by σ g the corresponding symplectomorphism defined by the action, i.e., σ g is the image of g under the homomorphism G → Symp(M, ω). Since J is G-invariant and σ g induces the identity map on H 2 (S 2 × S 2 ; Z), the map σ g sends a J-holomorphic sphere representing a class in H 2 (S 2 × S 2 ; Z) to a J-holomorphic sphere representing the same class. Since J ∈ U ; namely, a J 0 -holomorphic sphere representing F . Then Ψ
, and therefore of the form {x ′ } × S 2 . Define σ 1 (x) = x ′ . Similarly we define σ 2 : S 2 → S 2 by comparing u y = S 2 × {y} and Ψ
Observe that σ i is orientation preserving with respect to the orientation defined by ω J .
We check that Ψ J is G-equivariant with respect to the split action generated by σ 1 × σ 2 and the given G-action, i.e.,
The image p = Ψ J (x, y) is the intersection of the J-holomorphic spheres Ψ J (v x ) and Ψ J (u y ). By item (3) in §3.2, they are the unique J-holomorphic spheres passing through p in the classes F and B respectively. By the same token, σ g Ψ J (v x ) and σ g Ψ J (u y ) are the unique J-holomorphic spheres passing through σ g (p) in F and B, and Ψ
We have the following commutative diagram of symplectomorphisms:
By Proposition B.1, the cyclic action on S 2 generated by σ i : S 2 → S 2 is conjugate to the restriction of a circle action on S 2 by an orientation-preserving diffeomorphism h i .
That is, we have the following commutative diagram
whereσ i : S 2 → S 2 denotes a generator of the restriction of a circle action on S 2 to the cyclic subgroup. More precisely, if a i is the rotation number of σ i on S 2 , and r stands for the order of G, then gcd(a 1 , a 2 , r) = 1 because the given G-action is effective. Let gcd(a 1 , a 2 ) = c. Then gcd(c, r) = 1, gcd(a 1 /c, a 2 /c) = 1, andσ i is the restriction induced by the inclusion G ֒→ S 1 , g → g c of the circle action on S 2 by rotation at speed a i /c.
Note that h 1 × h 2 preserves the J 0 -foliations. Since Ψ J and h 1 × h 2 send the class B to B and the class F to F ,ω J and ω 0 = ω 0 λ are cohomologous. Since both ω 0 andω J tame (h 1 × h 2 ) * Ψ * J J and are G-invariant with respect to the action generated byσ 1 ×σ 2 , the 2-form ω t = (1 − t)ω 0 + tω J is symplectic and G-invariant for all t ∈ [0, 1]. By Moser's method, one can find a Gequivariant vector field whose time-one flow gives a G-equivariant diffeomorphism h :
Combining these three diagrams (4.2)-(4.4), we conclude that the cyclic group action is symplectically conjugate to the restriction of a standard circle action.
is G-invariant and for some x, y ∈ S 2 , the spheres {x} × S 2 and S 2 × {y} are G-invariant and J G -holomorphic, then, by the definition of 
We call an action of a finite
, where g is a generator of G, σ g is the corresponding map defined by the action, and ξ is the corresponding root of unity.
4.6. Lemma. Let a cyclic group G of finite order act symplectically on the product of unit discs D 2 × D 2 with a symplectic form ω. Assume that ω equals ω λ near the boundary, and the G-action is linear near the boundary. Then the given G-action on D 2 × D 2 is conjugate to the linear action by a symplectomorphism that is the identity on the boundary.
Proof. Consider the collapsing map
that identifies the points of {x} × ∂D 2 , for x ∈ D 2 , as (x, ∞), and identifies the points of
that is equal to the standard split complex structure J 0 near the boundary. Such J G exists by taking any ω-compatible almost complex structure J that is equal to J 0 near the boundary, averaging the metric ω(·, J·) with respect to the G-action, and then taking the structure provided by the polar decomposition, as in Claim 2.2. Consider the image S 2 × S 2 with the induced symplectic form and the induced (compatible) almost complex structure, again denoted by ω and J G . Let g ∈ G be a generator of G and σ g be the corresponding symplectomorphism of D 2 × D 2 defined by the action.
Denote byσ g the symplectomorphism of S 2 × S 2 that pulls back to σ g . On the image of the boundary,σ g (x, ∞) = (ξ a x, ∞) andσ g (∞, y) = (∞, ξ b y). On the complement of x, y) ). The spheres S 2 ×{∞} and {∞}×S 2 in S 2 ×S 2 are J G -holomorphic and invariant under σ g . Moreover, the G-actionσ g is standard on these spheres. As explained in Remark 4.5, by Proposition 4.1, there is a symplectomorphism ψ :
and a standard action, and ψ is the identity on {∞} × S 2 and S 2 × {∞}. Hence this standard action is the one induced from (x, y) → (ξ a x, ξ b y).
as the identity on D 2 ×∂D 2 ∪∂D 2 ×D 2 and κ −1 •ψ •κ on the complement of the boundary. Then Ψ is a symplectomorphism conjugating the given action and the linear action, that is the identity on the boundary. (1) The sphere C 1 is embedded and G-invariant and there is an embedded G-invariant sphere C 2 in the class F such that C 1 and C 2 intersect at a point; the G-action on each sphere is, up to conjugation by a symplectomorphism of the sphere, a rotation, with rotation numbers (a, −b) at C 1 ∩ C 2 . (2) The G-action is symplectically isomorphic to the standard G-action on the Hirzebruch surface Hirz n (a, −b) with the symplectic form η µ , as described in §A.1 and §A.3, where n = 2k + ⋆ and µ = 1 + λ − k.
The proof of item (2) is an equivariant variation of the proof of [1, Lemma 3.5].
Proof.
(1) Fix a generator g ∈ G and denote by σ g the corresponding symplectomorphism defined by the action. By Claim 2.3, since the self-intersection number of A k is negative, the J-holomorphic sphere C 1 in A k is G-invariant. By the adjunction formula [16, Corollary E.1.7] and since A k · A k − c 1 (A k ) + 2 = 0, the simple Jholomorphic sphere C 1 is embedded. By Proposition B.1, the restriction of the G-action to C 1 is conjugate to the restriction to a cyclic subgroup of a circle action, i.e., a rotation. In particular, it fixes two points on C 1 . Let p be one of these Gfixed points with rotation number a at p. By item (2) in §3.2 and §3.5, there is an embedded J-holomorphic sphere C 2 in the class F passing through the point p. By Claim 2.3, since F · F = 0, the image σ g (C 2 ) either coincides with C 2 or is disjoint from it. However, since the G-fixed point p is on C 2 , σ g (C 2 ) must coincide with C 2 . So C 2 is also invariant under the G-action. Hence, by Proposition B.1, up to conjugation by a symplectomorphism, the restriction of the G-action to C 2 is a rotation with rotation number −b at p. (2) By item (1), C 1 and C 2 are G-invariant symplectic spheres intersecting transversally at one point p with rotation numbers (a, −b) at p. Since G is finite abelian, the tangent space at the fixed point p decomposes into a direct sum of symplectically orthogonal eigenspaces of G; hence C 1 and C 2 in fact intersect ω ⋆ λ -orthogonally at p. The sphere C 1 has self-intersection number −n and size µ; the sphere C 2 has self-intersection number 0 and size 1. Using the equivariant version of Weinstein's symplectic neighbourhood theorem for such pair of submanifolds [9] (also see [17] ), we can construct a diffeomorphism α : Hirz n → M ⋆ λ that sends the zero section S 0 to C 1 and the fiber at zero F 0 to C 2 and is an equivariant symplectomorphism from a neighbourhood
with the given G-action. (See §A.1 and §A.3 for the notations.) So it is enough to show that the α-pull back of the G-action is the standard G-action on Hirz n (a, −b), up to conjugation by a symplectomorphism.
Since S 0 and F 0 are invariant symplectic spheres, the restriction of the α-pull back of the G-action to the complement of S 0 ∪ F 0 in Hirz n is a symplectic action with respect to α * ω ⋆ λ . Since α is a symplectomorphism near S 0 ∪ F 0 , α * ω equals η µ there.
The complement of S 0 ∪ F 0 in Hirz n is
and the map β :
A neighbourhood of ∞ at C 2 is sent to a neighbourhood of S 0 ∪ F 0 . The standard action on Hirz n (a, −b) pulls back to a linear action, (w, z) → (ξ −a w, ξ b−na z), and therefore the α-pull back of the G-action on Hirz n pulls back to an action on C 2 which is linear near infinity. Denote
∂∂f . Consider the gradient vector field X f of f with respect to the Riemannian metric induced by Ω µ and the standard almost complex structure
The function f strictly increases along rays from the origin. Moreover, the function f and the Riemannian metric are invariant under any linear G-action on C Uniformization Theorem, it is biholomrphic to the standard almost complex structure on S 2 . So G is a subgroup of the automorphism group PSL(2, C) of CP 1 . In PSL(2, C) every element is conjugate to a rotation map, and in particular a generator of G is conjugate to a rotation map. By further applying the equivariant version of Moser's method, noting that the ingredients in the usual Moser's method can be made G-equivariant, the symplectic action of the finite cyclic group G on (S 2 , τ ) is conjugate by a symplectomorphism to the restriction of a circle action.
B.2. Remark. The circle action in the above proposition does not need to be assumed effective. Suppose the order of the cyclic group G is r, and suppose the weight of the cyclic action at a fixed point on S 2 is a. By Proposition B.1, up to conjugation, the cyclic action is the restriction induced by the inclusion G ֒→ S 1 , g → g a of the effective circle action θ · (z, x) → (θz, x), where θ ∈ S 1 and (z, x) ∈ S 2 identified as the unit sphere in
On the other hand, this G-action can also be considered as a restriction of a non-effective circle action θ · (z, x) → (θ a z, x) induced by the inclusion g → g. In either
case, the integer a (mod r) will be called the rotation number (at the chosen fixed point) of the G-action on the sphere S 2 .
Moreover, the cyclic action in the above proposition does not need to be assumed effective either. If the cyclic action is effective, then gcd(a, r) = 1. ♦
